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A STARTING POINT 
At the first meeting of the CERME Algebra Group in Larnaca, Cyrpus all participants 
were asked to write down a sentence starting with “At the beginning of the work of 
the Algebra Group I think that algebraic thinking must include…”, and to keep it safe 
till the last session. Then we jumped to work in several problems proposed by John 
Mason and Janet Ainley, to begin our work by experiencing the kind of thinking we 
have to reflect on, and by interacting among ourselves. 
Before meeting in Larnaca we had gone through the process of peer reviewing the 
papers, ending with 14 papers accepted for presentation. 
These papers were presented in four themed groups, which organised the type of 
research or theoretical questions dealt with, under the labels: 

• expressing generality, 

• teachers, 

• expressions and equations in the interface between arithmetic and algebra, and 

• mathematical objects and representations. 
After four sessions discussing the presented papers, we moved to discussion around 
two groups of issues that emerged: 

• Object and meaning / situated algebra 

• Emergent algebabble / Generality as central / generalisation, abstraction, 
formalisation 

OBJECT AND MEANING / SITUATED ALGEBRA 
The papers more relevant to this topic were those by Bagni; Barbosa, Palhares and 
Vale; Dörfler; Fischer; Lagrange and Chiappini; Mason; Wilson and Ainley; 
Rahman. They raised issues concerned in various ways with algebraic activities 
situated in the use of artefacts and representations used by teachers and learners. 
Our discussion went through a set of questions on the emergence and extension of 
meaning, and on the characteristics of the situations in which meaning emerge. 

• How can teachers extend situated meanings? 

• Can meaning emerge from the practice of manipulation (of symbols or objects) 
with rules? 

• Can meaning emerge without practice? 



• What features of a situation do we anticipate can afford access beyond the 
situation? 

The term ‘situation’ was used broadly to encompass task, medium, pedagogic 
approach by teacher, and classroom ethos, and we pointed out the central role of the 
teacher in going beyond it: 

• Teacher stressing purpose. 

• Teacher’s choice of emphasis in original situation. 

• Teacher referring back from new context to original situation. 
EMERGENT ALGEBABBLE / GENERALITY AS CENTRAL / 
GENERALISATION, ABSTRACTION, FORMALISATION 
The papers more relevant to this topic were those by Alexandrou-Leonidou and 
Philippou; Drury; Dörfler; Fisher; Gómez; Hadjidemetriou; Mason; Molina, Castro 
and Mason; Papaieronymou. They raised issues concerned in various ways with 
expressing generality or symbol manipulation or problem solving as the core 
principle of school algebra, and with pupils trying to make sense of the algebraic 
language they are learning. 
Curricular issues 
Discussion about the central role of generalisation in the teaching and learning of 
school algebra led to the question what is school algebra about?, and the discussion 
of curricular issues. 
Generalisation was contrasted? confronted with symbol manipulation and with 
problem solving, as the core principle of the curriculum of school algebra. 
One position was that algebraic expressions can be used as tools or as objects. The 
approach is then to use them as objects in their own right, and use manipulation of 
expressions to investigate expressions – what can I do with them? Algebraic 
expressions are diagrams in Peirce’s sense, and these diagrams are the very objects of 
mathematical activities. 
Another position stated that a curriculum organised around problem solving does not 
exclude, but includes expressing generality, at least in two ways. First of all 
expressing generality is a problem solving activity, hence if the core principle of the 
curriculum is problem solving, this does not have to mean that pupils are presented 
only with work on quantitative arithmetic-algebraic word problems, but it should also 
include working with problems in which the aim is to express generality. 
Secondly, expressing generality is a way to endow algebraic expressions with 
meaning. In order to solve word problems by using the algebraic language, pupils 
need to learn the use of algebraic language in a meaningful way, its syntax and the 
special feature this language has of calculating with the expressions without resorting 



to its content – a possibility due to the fact that algebraic expressions are icons (or 
diagrams), in Peirce’s terms. 
 “Meaningless symbol manipulation”, or symbol manipulation following a set of 
conventional rules, can come later on, when one can set aside the meaning of 
expressions to carry on the calculations. Actually, rules of symbol manipulation are 
also meaningful. Ways of symbolising can be social conventions, but rules of 
manipulation of symbolic expressions are grounded in the observation of some 
structure. 
What does ‘meaningless symbol manipulation’ mean? Setting aside meaning – but 
can also mean without a sense of overall purpose. 
Historically, the purpose of symbol manipulation, and of solving equations is the 
solutions of (classes) of problems. Through a process of progressive abstraction 
algebraic expressions are studied as objects, and so on. Mathematisation is a practice 
of progressive abstraction. To jump into one level, i.e. symbol manipulation, instead 
of climbing up levels, or to be thrown into one level instead of being given the 
opportunity of climbing up the staircase of levels is not a good way to organise the 
curriculum. 
On abstraction 
Generalisation was contrasted with abstraction, by pointing out that abstraction could 
consist of 

• taking a property – forgetting the object and asking ‘what else has this property?’; 

• forgetting some meanings; 

• transforming - a means of organisation of objects into a single object. 
On idiosyncratic signs 
Algebabble is an expression used to capture what pupils do when they are going 
through the process of giving meaning to algebraic activity. The idiosyncratic signs 
they produce are 

• windows to pupils cognitions, 

• endowed with meaning by them. 
A PRODUCT OF OUR DISCUSSION 
At the last meeting of the CERME Algebra Group in Larnaca, Cyrpus all participants 
were asked to produce the paper in which they have written their ideas on what 
algebraic thinking must include, and to reflect on what new things they could see in 
their papers after our discussions. One of them just said: “looking at my paper what I 
see is if students are able to see the structure of an equality they have begun algebraic 
thinking”. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


