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ABSTRACT 
 
In this paper, some aspects of the leaning of real functions are investigated, with 
particular reference to secondary school pupils (14-19 years old). As regard action 
views, object-oriented and property-oriented approaches, several works indicate that 
the role of representations is fundamental. We propose a case study and conclude 
that, in order to make it possible the reification, it is important to consider and 
analyze the teacher’s role in the institutionalization of the concept. 
 
 
 

 

FUNCTIONS AND THEIR REPRESENTATIONS: 

A THEORETICAL PREFACE 
 

The study of different representations of mathematical objects is a crucial issue of the 

didactics of mathematics (many references can be mentioned; for instance: Gagatsis 

& Christou, 2002; D’Amore, 2003a; Mousoulides & Gagatsis, 2004). We shall 

examine some representations of functions in order to compare different approaches 

(in particular we shall consider the property-oriented approach: Kieren, 1990) and to 

analyze the teacher’s role in the institualization of this concept. 

Concerning the links between human experience and formal mathematical systems, 

in Piagetian tradition, the distinction between mental structures and physical 

structures is frequently compared with the distinction between the signified, internal, 

and the signifier, external; only one of those levels can be observed, and the 

interaction between them is cyclical: mental activity can take place independently by 

physical activity, but mental structures themselves can be considered as the product of 

physical actions (Kaput, 1993). 

The distinction between internal (mental) representations and external 

representations is often introduced by several researchers, explicitly or implicitly. But 



a consideration of these kinds of representations in terms of opposition can cause 

problems: first of all the cognitivist notion of mental representation is not quite clear; 

moreover, many important mathematical representations hardly can be framed into 

such distinction (Kaput, 1999, quotes for instance the Cartesian plane). In this paper 

we shall consider some representations of the functions, without asking ourselves if 

they are to be considered external or internal, because we do not consider too strict 

and rigid classifications sustainable and advantageous in this field. 

The use of traditional systems of formal representation implies educational 

restrictions: for instance, the consideration of the mathematical relations that can be 

algebraically represented can keep away the formal mathematics to the real 

experience. So some Authors suggest a wider use of new methods, based upon 

technology (Kaput, 1991 and 1993). This situation implies the legitimation of the new 

formal representations (Radford, 2002a, p. 236), with two linked aspects: political and 

epistemological (Radford moreover underlines that it is not possible to deal with the 

problem of the representations of knowledge without considering the ontological 

dimension: Radford, 2002a, p. 237). Moreover it is necessary to study the connections 

between spatial and temporal experience (for instance, body movements: Lakoff & 

Núñez, 2000), whose importance was underlined by several researches, and the 

activity of symbolization (Radford, 2002b and 2003a; it is generally interesting a 

revision of some ideas by Vygotsky concerning relations between representations and 

cognition, taking into account symbolic aspects as constitutive elements of the 

culture; see for instance L. Radford’s Cultural Semiotic Systems of Signification: 

Radford, 2003b). It is worth noting that according to Habermas (1999) the rationality 

itself has three roots, strictly related the one to the others: the predicative structure of 

knowledge at institutional level, the teleological structure of the action and the 

communicative structure of the discourse (see the remarks with reference to 

argumentation and proof in: Balacheff, 2004; some ideas related to Set Theory are 

discussed in Bagni, forthcoming-c). 

Important educational researches show that learning of the function concept is 

often facilitated by the early consideration of an action or of its interpretation as a 

process, where correspondences between quantities (numbers, magnitudes etc.) really 

take place: «We have a facility for thinking about processes or sequences of actions 

that can often be used to good effects in mathematical reasoning. One way to think of 



a function is as an action, a process that takes the domain to the range» (Thurston, 

1994, p. 165; moreover: Briedenbach, Dubinsky, Hawks & Nichols, 1992). Let us 

quote A. Sfard’s opinion that we shall remember frequently in our work, according to 

whom the development of «abstract mathematical objects» can be considered as the 

final product of the comprehension of processes (Sfard, 1991; Sfard & Thompson, 

1994). 

In this theoretical framework, semiotic aspects are important (we find suggestions 

in order to use different representations in the introduction of function concept since 

the late Eighties: Kaput, 1989). S. Vinner (1992, p. 197) underlines that a visual 

representation can be translated into verbal form, but this translation is not the first 

form that we remember when we think to the concept: in fact, in order to consider an 

action, a process and, finally, a mathematical object, many representations are needed. 

When the concept image is formed, and this step allows us to reach the concept 

definition (Tall & Vinner, 1981, p. 152), representations’ role is a primary one 

(according to S. Vinner, learning of mathematical objects needs examples and 

counterexamples stimulating the formation of the concept image: Davis & Vinner, 

1986. The concept image and the concept definition are introduced in: Vinner & 

Herhkowitz, 1980; see moreover: Tall, 1988 and 1991; Vinner, 1983 and 1991); and 

the educational use of technology, too, is very important, frequently in order to 

support visual representations (Briedenbach, Dubinsky, Hawks & Nichols, 1992). 

Of course, from the ontological point of view, the conception of mathematics that 

can be called Platonic, in which mathematical objects exist independent of their 

representations, cannot be stated uncritically. However, in educational practice, the 

concept of function is clearly approached by representations, mainly devoted to 

situations where the function is a process which explicitly connects two quantities. 
 

 



 

Previous figure would be correctly considered: in fact, from the educational point 

of view, and in particular with reference to learning processes, arrows would not be 

oriented from the “abstract mathematical object” to its representations, but in the 

opposite way. 
 

 
 

According to R. Thom, «as regards the interaction Meaning-Object, clearly the 

meaning (…) generates the object (…). And the object generates the meaning, too, 

when we interpret the representation» (Thom, 1974, p. 233): surely this process is 

twofold: of course if we should limit the mathematics education to the generation and 

the consideration of (single) representations, we should wrongly grant a strong 

privilege to some particular aspects of the general concept, to the detriment of others. 

Relevant issues concern the connection between the acquisition of a representation 

(by that we are making reference to semiotic) with the full and effective conceptual 

acquisition of a mathematical object (noetic), in particular with reference to the object 

“function” (D’Amore, 2001b; see moreover: Duval, 1998, D’Amore, 2001a and 

2003b; the diverse hypotheses that lie at the foundations of unsuccessful devolution –

Perrin Glorian, 1994– are presented and discussed in: D’Amore, 2003a). 

 

FROM PROCESS TO OBJECT 
 

If the learning of the function concept is just devoted to the consideration of an action 

or of a process (and of their representations) it would be incomplete and ineffective: 

mathematical concepts’ formation is, as previously noticed, a complex process, it 

needs a sequence of steps, so a progressive approach (however, as we shall see, 

several researchers have recently suggested models that are not strictly sequential: 

Slavit, 1997, p. 268). A. Sfard calls reification the passage from the consideration of a 



process to a conception that properly considers the mathematical object: and we 

should have a conception object-oriented (D. Slavit however notices any «lack of 

clarity» when an object-oriented comprehension of a mathematical idea is stated: 

Slavit, 1997, p. 265, Thompson, 1994); she underlines that if we make reference to 

«mathematical objects», we must be able to consider the outputs of some processes 

without considering processes themselves (Sfard, 1991, pp. 9-10). If we accept that 

this concept formation takes place by a hierarchy, according to which a step cannot be 

reached before all previous steps are completed (Sfard, 1991, p. 21; Sfard & 

Linchevsky, 1994), we must conclude that the full development of these steps must be 

carefully controlled by teachers (Fischbein, 1993) and that in this development 

several representations are needed. An important problem is the correct and effective 

realization of this reification: if we try to force a structural point of view, we cause the 

formation, in pupils’ minds, of dangerous pseudo-objects and misconceptions. 

According to M. Artigue (1998), who summarizes the «pioneer work» by E. 

Dubinsky (1991; Sfard, 1992), a hierarchy can be conceived from the early 

consideration of an action to the following conception of a process (interiorization), 

so of a mathematical object (encapsulation). The notion of procept (Gray & Tall, 

1994) is very interesting: Artigue (who quotes particularly: Tall, 1996) points out that 

the notion of procept concerns and underlines symbols’ roles. Really several 

mathematical symbols can be considered as procepts: «sometimes they represent a 

process and sometimes the result of the process» (Artigue, 1998). Once again semiotic 

representations’ role is relevant. 

Theoretical frameworks previously sketched recently evolved and abandoned a 

strictly hierarchic and sequential approach: connections between processes and 

objects remarkably granted importance to dialectic dimensions of various steps and to 

semiotic aspects of conceptualization activities. 

 

FUNCTIONS AND PROPERTIES 
 

So semiotic aspects are very important in order to define an effective theoretical 

framework for the learning of mathematical concepts, and in particular of the function 

concept (D’Amore, 2001a and 2001b). This makes it necessary to consider carefully 

some connected needs: for instance, in order to obtain a full learning, it is not enough 

to have a development of single registers, but a coordination of such registers is 



needed (Duval, 1995b, p. 259; see the interesting paper devoted to multiple 

intelligences: Fredens, 2004). Moreover, the great importance of representations (for 

instance visual or graphic representations) in the property-oriented approach to 

function concept must be remembered (Kieren, 1990): this approach does not replace 

previously quoted theories, but just proposes a new interpretation of them (Slavit, 

1997, p. 269). 

According to this approach, a function can be introduced and described with 

reference to its local properties (intersections, maximum and minimum points, vertical 

asymptotes etc.) and to its global properties (symmetry, periodicity, invertibility etc.): 

clearly a property-oriented approach, whose educational role is quite important, deals 

with pupils’ ability to establish connections between different representations 

(Nemirowsky & Rubin, 1992; Monk & Nemirowsky, 1994), frequently with reference 

to graphic technology (Ruthven, 1990). Different features, and in particular the 

different flexibility, of visual and symbolic representative registers can lead to a 

different generality so to a different possibility of such registers to be employed: this 

fact can constitute an obstacle with reference to the correct learning of the function 

concept, particularly if the coordination of representative registers is lacking. In the 

following paragraph we shall consider this important question by a case study. 

Educational experience itself allows us to state that the study of local and global 

properties of a function (we mean, particularly, properties of its Cartesian graph) is 

fundamental in order to characterize important classes of functions: for instance, 

linear functions’ Cartesian graphs are characterized by some evident global properties 

and this allows us to identify a linear function as a function whose graph has got the 

considered global properties; and similarly as regard other important classes of 

functions, e.g. quadratic functions, periodic functions etc.; on the contrary, main 

properties that characterize continuous functions (or derivable functions) are local. 

Some experimental researches (quoted in: Slavit, 1997, p. 272) pointed out that 

frequently pupils use either approaches based upon the consideration of a real 

correspondence (action view, operational view) or approaches based upon the 

consideration of some particular properties (property-oriented). For instance, when 

they study a function (we now make reference particularly to Italian High School, 18-

19 years old pupils), they sometimes consider either correspondences between some 

values of variable x and their f(x), or global and local properties of the considered 



function. Form the semiotic point of view, the early approach is referred to numeric 

representations, the latter one to graphic representations, so to the visual register. 

A property-oriented approach is useful in order to classify different functions, and 

moreover in order to identify common features of some functions; the general the 

function concept itself, as a particularization of the general concept of relation, can be 

introduced by a property-oriented approach: for instance, a function D→R is a 

relation (so a subset of D×R or of R×R, being D⊆R: however by that we do not state 

that this introduction must be considered educationally effective!) whose Cartesian 

graph meets just once a line parallel to y axis, i.e. whose equation is x = a (being 

a∈R; or it meets in exactly one point a line whose equation is x = b being b∈D). 
 

 

 

If we summarize previous example, we can notice that a property-oriented 

approach is generally based upon a partition of a set I in a subset S constituted by 

elements characterized by the property P and in the complementary subset S’ 

constituted by elements that are not characterized by the property P. So clearly an 

important step is the indication of the environment, so of the set I that will be divided 

into subsets S, S’ as previously described. For instance, with reference to the general 

function concept, before introducing the relations that are characterized by the quoted 

property, it is necessary to fix what we mean by “relation”. 

 

GENERALIZATION VERSUS PARTICULARIZATION? 
 

Previous considerations about property-oriented approaches can lead to learning 

processes based upon particularization: from the (general) concept of relation we 

consider the (general) function concept, then a particular class of functions (e.g. linear 

functions) and so on. However, everyday educational experience suggests us an 



opposite path: a particular correspondence leads to its generalization in a whole class 

of functions in order to consider, finally, the general concept. 
 

 

 

Every passage from a class (a set) of functions to another wider class leads us to 

consider new correspondences (concerning problems in comparing infinite sets: 

Tsamir & Tirosh, 1994 and 1999): 
 

• having any common features with correspondences previously considered (for 

instance with reference to their Cartesian graphs); 

• having any different features from correspondences previously considered (for 

instance with reference to their Cartesian graphs). 
 

A path towards the function concept can be, for instance, the following. 
 

 

 

• We can consider the single correspondence that associates any number to its 

double: 
 

 

x → 2x 
 

 

(in the Cartesian plane: a single line whose equation is: y = 2x) 

 

• Then we can consider: 
 

 

x → mx 
 

 



(or: x → mx+q, their graphs are straight lines) 

 

• A further generalization leads to: 
 

 

x → f(x) 
 

 

(their Cartesian graphs are not straight lines, but they meet just once a line 

parallel to y axis) 
 

 

Of course the described path is just a first example: in the following table the 

detailed process described on the right includes the process described on the left: 
 

 

Considered 

correspondences 

graphic 

representations 

considered 

correspondences 

graphic 

representations 
 

the (particular) 

corespondence 

x → 2x 
 

↓ 
 

 

functions that can be 

represented by a line 

 
 

↓ 
 

 

“any” functions 

 

line whose equation is

y = 2x 

 
 

↓ 
 

 

lines whose equations

are y = mx+q 

 
 

↓ 
 

 

curves meeting only 

once any straight line 

parallel to y axis 

 

the corrispondence 

x → 2x 

↓ 

linear functions 

(properly considered) 

↓ 

functions that can be 

represented by a line 

↓ 

polynomial functions 
 

↓ 
 

“any” functions 

 

line whose equation is 

y = 2x 

↓ 

lines whose equations 

are y = mx 

↓ 

lines whose equations 

are y = mx+q 

↓ 

examples of lines, 

parabolas etc. 

↓ 

curves meeting only 

once any straight line 

parallel to y axis 
 

 

Let us underline once again the fundamental role of counterexamples: pupils must 

realize that the proposed generalization is a real one. 
 

 



 
 

 

It is not always easy to distinguish the classes by their graphic representations: for 

instance, we can hardly distinguish between “polynomial functions” and “general 

functions” (in the previous figure the boundary line is... light). As regard graphics of 

polynomial functions, we can suggest the absence of asymptotes, but such property 

cannot be referred only to polynomial functions (e.g. let us consider the Cartesian 

graphic of y = x+cosx: no asymptotes!). So sometimes a symbolic register can be 

more effective than a graphic one. 

Concerning property-oriented approaches, another interesting element must be 

underlined: when we deal with the general function concept (and similarly when we 

deal with particular classes of functions) we often consider the visual representation, 

in particular the Cartesian graph. This fact can cause obstacles (Bagni, 1997b): the 

main importance granted to the visual representation can lead to forget the importance 

of elements that would constitute parts of the function definition itself (for instance, 

the explicit indication of the domain: Bagni, 1997a) and this causes remarkable 

difficulties. By that we conclude that teachers must carefully control, in the learning 

and in the everyday practice, the independence of mathematical object’s and 

representations’ roles. 



So property-oriented approaches, whose educational importance is clearly a 

primary one, do not solve completely the problem of the reification, i.e. of the final 

building of mathematical objects. D. Slavit notices that there are no works that prove 

whether a property-oriented approach effectively improves the full development of an 

object-oriented conception of function (Slavit, 1997, p. 271). 

 

AN EXPERIMENTAL CASE STUDY 
 

The consideration of particular properties (mainly referred to graphic representations 

of a function) is surely useful, as above underlined, in order to characterize the 

examined function or a whole class of functions, but it can, sometimes, cause doubts 

and obstacles, too. In order to clarify the sense of the latter provocative statement we 

are going to propose an experimental case study (Gagatsis, Michaelidou & Shiakalli, 

2002; Evangelidou, Spyrou, Elia, & Gagatsis, 2004; Gagatsis & Shiakalli, 2004). 

Let us report an educational experience in which a teacher (Tea.) and a pupil 

(Anna) are involved. Anna is an university student, (1st year, Biologic Sciences); she 

is 19 years old and previously studied in a Liceo scientifico (Italian High School); at 

the moment of the reported experience she was studying Calculus and Biostatistics, 

including elements of Calculus (limits, derivatives, integrals; no differential equations 

were treated), Geometry and Statistics; the described experience took place during an 

individual meeting with the teacher. The teacher gave the pupil the following 

exercise: 
 

Complete: what does y = f(x) represent in the Cartesian plane? 

f ” (x) = x   f(x) = ……… 
 

Anna: Well, the second derivative is x. I must integrate by the usual formula (she writes): 
 

f ” (x) = x   f(x) = ……… 

1

1

+
=

+

∫ n
xx

n
n  

 

Anna (after any seconds): Isn’t it correct? 

Tea.: Check it carefully. 

Anna: Oh, yes, I have to put dx and c (she writes). 
 



f ” (x) = x   f(x) = ……… 

c
n
xdxx

n
n +

+
=

+

∫ 1

1

 

 

Anna: Now I integrate the given function. 
 

f ” (x) = x   f(x) = ……… 

c
n
xdxx

n
n +

+
=

+

∫ 1

1

  
2

2x  

    
632

1 33 xx
=  

 

Anna: So f(x) is 
6

3x , I can complete my exercise. 

 

f ” (x) = x   f(x) = 
6

3x  

c
n
xdxx

n
n +

+
=

+

∫ 1

1

  
2

2x  

    
632

1 33 xx
=  

 

Tea.: It is not completely wrong, but what about integration constants? 

Anna (immediately): Oh, excuse me, I always forget it (she writes +c in the result and in 

the passages). 
 

f ” (x) = x   f(x) = 
6

3x +c 

c
n
xdxx

n
n +

+
=

+

∫ 1

1

  
2

2x +c 

    
632

1 33 xx
= +c 

 

Tea.: Is it correct, now? 

Anna: Yes, so it seems to me. I don’t see what to add, now. 

Tea.: I repeat what I’ve said before: it is not wrong, but perhaps it is not the general 

solution of your exercise. Why did you write the integration constant? 

Anna: I must put it, when I integrate. If I derive, all constants vanish. 



Tea.: Well. And now, how many integrations have you done? 

Anna: Two. 

Tea.: So don’t you need two constants? 

Anna: Perhaps it’s so: however, c or 2c, it’s the same thing. 
 

The presence of two successive integrations is unusual for Anna, who frequently 

integrated a sum of functions: in this case we can point out an Einstellung effect; 

some clauses of the didactical contract probably induced the pupil to use rules that 

would be correct only in different situations. 
 

Tea.: Explain to me the reason. 

Anna: When I integrate, I put +c and when I derive, it vanishes. Similarly +2c, too, would 

vanish. I am quite sure: if I derive twice my result then I obtain x. 

Tea.: Sure, it’s true: if you would derive twice, you would get back to x. However try to 

solve once more your exercise, so integrate x twice, separately, a first time and a second time. 

(Anna takes a new sheet of paper and writes). 
 

f ” (x) = x  f ’ (x) = 
2

2x +c  f(x) = 
32

1 3x +c+c = 
6

3x +2c 

 

Tea.: Look at the last passage, from f ’ to f: did you integrate… everything? 

Anna: Oh, must I integrate c, too? 

Tea.: What do you think? 

Anna (after any seconds): Now I think so: I never realize it before (she writes). 
 

f ” (x) = x  f ’ (x) = 
2

2x +c   f(x) = 
6

3x +cx+c 

 

Tea.: Just a moment: must your two constants be equal? 

Anna: I don’t think so. 

Tea.: In this case it’s better to use different letters, for instance c, k (Anna writes). 
 

f ” (x) = x  f ’ (x) = 
2

2x +c   f(x) = 
6

3x +cx+k 

 

Tea.: Now it’s alright. Go on. 

Anna: I must draw it in the plane; but I have some letters, so I cannot do it. (Pause). I can 

give any values to the letters; as usual, when we are dealing with integrals. 

Tea.: What values do you give to c and to k? 



Anna: All real numbers: I can choose any real number. 
 

Let us underline that the employed register is only the symbolic one: the visual 

register was not considered yet. Now the exercise forces the pupil to trace the graphic 

representation of the considered function, so the register must be changed. 
 

Tea.: For instance I suggest you the three cases (1) c = 0, k = 0; (2) c = 0, k = 1; (3) c = −1, 

k = 0. Now, by your graphic calculator, you can trace corresponding diagrams. Draw all of 

them on a sheet and compare them: finally, tell me what is your opinion (The teacher writes 

values and formulas). 
 

(1) c = 0 and k = 0;  (2) c = 0 and k = 1  (3) c = −1 and k = 0 

(1) y = 
6

3x    (2) y = 
6

3x +1   (3) y = 
6

3x −x 

 

 

 

(1) 

 
 

 

 

(2) 

 
 

 

 

(3) 

(Anna traces diagrams by her graphic calculator 

and draws them). 

Anna (after any seconds): I see that the first and the 

second are equal, while the third graphic is different. 

Tea.: In my opinion the first is not equal to the 

second. 

Anna: I mean that those curves are just the same 

curve differently placed. The third curve’s shape is 

different. 

Tea.: And in your opinion what does it mean? 

Anna: Probably there is something wrong. If a curve 

is right, if it is a solution, of course the other curve is 

not right! I can accept that the same curve can be 

differently placed, as it happens in the cases (1) and (2), 

alright: when we work with integrals it frequently 

happens. But in this case it’s the curve itself that 

changes! (Pause). The last curve meets in three 

different points the x axis, other curves meet it just 

once. 

Tea.: But you have obtained your three curves 

working on the same problem and you didn’t make any 

mistakes: your graphic calculator is a good friend! So 



 

all your curves would be considered acceptable. 

Anna (after any seconds): If I should have to choose 

a curve I should prefer (3): it seems to be general, there 

is the term with x, too. In (1) and (2) c is 0, there is not 

the term with x, so they are particular cases. 

So Anna uses either the visual register or the symbolic one and she considers some 

properties of examined functions (D. Slavit notices that the presence of the graphic 

representation induces pupils to consider function’s properties: Slavit, 1997, p, 273); 

in fact she realizes that the presence of three intersections of the curve with x axis is 

caused by the presence of c ≠ 0. 

(In order to interpret these answers according to the theory of the intuitive rules by 

D. Tirosh see for instance: Stavy & Tirosh, 1996). But she does not accept yet a 

“solution” constituted by a family of functions whose graphic representations are not 

congruent curves (“the same curve differently placed”, in Anna’s words). 
 

Tea.: Don’t you think that all of them can be solutions of your exercise? Remember that all 

of them were obtained from the equation y = 
6

3x +cx+k. Many other curves, if we choose 

different values of c and k, are solutions. 

Anna (after any seconds): So the graph does not exist… 

Tea.: Well, a single graph doesn’t exist because a single function doesn’t exist: there is 

infinity of curves, a curve for every couple of values k and c. 

Anna: But they are different curves! 

Tea.: Sure: don’t you think it’s possible? 

Anna (after a pause): An exercise would have only one solution: only one diagram. 
 

Let us notice that this statement appears to be inconsistent with some 

considerations previously stated by the pupil herself (a lot of references are devoted to 

problems connected to inconsistencies; we just quote: Tall, 1990; Tirosh, 1990); 

however we shall see that they are different references to kinds of representations 

that, in this case, are not mutually coordinated. 
 

Tea.: Several exercises have got more than a single solution: few minutes ago you gave the 

solution of the exercise by the equation y = 
6

3x +cx+k. For different, particular values of c and 

k this is a particular equation, so it represents a particular function. 



Anna: That is different: y = 
6

3x +cx+k is one equation. I can write it, it is one thing (she 

emphasizes “one”), although it can be transformed in many different things by changing c 

and k. But how can I write or draw many graphs, all together? When I consider curves I must 

choose one of them. Usually, dealing with integrals, all curves are equal, they are just 

differently placed, as (1) and (2): but (3) is a different curve, this is the problem. And many 

other curves, too, will be different. 
 

So Anna reaches the crucial point: she explicitly states that in the symbolic register 

it is possible to express by one writing a class of function, but this cannot be done in 

the visual register, when we consider Cartesian graphs (the pupil herself observed: «I 

must draw it in the plane; but I have some letters, so I cannot do it»). 

So the different “flexibility” of employed representative registers, symbolic and 

visual, embodies the difference of (potential) generality, so different possibilities of 

utilization of registers themselves: and such discrepancy can constitute a remarkable 

obstacle, with reference to the learning of the function concept and of the connected 

procedures (that, as we shall underline in the final paragraph, can be considered as a 

relevant part of the concept), particularly when the coordination of different 

representations is lacking (Duval, 1995a). In order to overcome such difficulties, it is 

necessary a final explanation by the teacher, whose role is to achieve a clarification 

and an institutionalization of the roles of representations and of the properties that can 

be gathered. 

 

FINAL REFLECTIONS: FROM PROCESS TO OBJECT 

INSTITUTIONALIZATION AND TEACHER’S ROLE 
 

We shall fix some considerations regarding the very important step that leads to the 

reification and the role of the teacher, whose relevance was pointed out in the 

previous paragraph; let us underline once again that following conclusions would not 

be referred to a strictly sequential development of the examined processes: in fact, as 

previously noticed, the learning of a mathematical concept can be broken down in 

many steps, but in our opinion such breakdown is not to be considered rigorously, for 

instance from the chronological point of view, even though some steps must be 

considered preparatory, propaedeutic to other; however we prefer to present a 



progressive dialectic comparison of steps, with new reflections and deepening of 

previous steps, too. 

The passage from the early consideration of an action to the conception of a 

process (interiorization) is referred only to the considered case, so to a single, 

particular situation: so pupils deal with an example of the mathematical object that, in 

the future, will be generally considered as function. A property-oriented approach 

allows the specification of particular features of a class constituted by such examples, 

particularly if the game is now played with main reference to representations (mostly 

visual representations). And the reification itself can be considered with reference to a 

whole class of functions (e.g. in the case of linear functions, previously remembered, 

linearity can be conceived as the arrangement of some properties: Slavit, 1997, p. 

275). 

A remarkable difficulty in the building of the abstract object, so of the true 

mathematical object, is the generalization (Eisenberg & Dreyfus, 1994); in fact the 

importance of properties employed in order to characterize some classes of functions 

must be reduced to the correct size: a function can have such properties, and in this 

case we shall say that it is a function of a particular kind, for instance a linear one, but 

it can have not them, and in this case, too, it is a function (sometimes there is no 

symmetry between “having a property” and “having not it”: e.g. it is easy to point out 

that a continuous function is frequently considered by several pupils as the standard 

case, while a function that is not continuous is considered as a very particular one: 

Bagni, 1997b; overgeneralizations, in the case of linear functions, are examined in: 

Markovitz, Eylon & Bruckheimer, 1986; Bagni, 2000). A mathematical object, we 

can say a relation, if we have previously introduced this concept, must have different 

properties in order to be considered, generally, a function. However a property-

oriented introduction of the functions among relations would be, as noticed, strictly 

linked to representations, in particular to the consideration of properties of the 

Cartesian graph. 

We previously stated that teachers must work in order to lead pupils to a full 

clarification of the roles of used representations and of the mathematical object. 

Really the teacher plays a primary role in the step that leads from the consideration of 

a process to the building of a mathematical object, so in the reification (Brousseau, 

1986; Perrin-Glorian, 1997): the teacher, in a didactic situation, must carefully verify 



that various elements that are going to constitute the concept image, and, later, a full 

concept definition, keep their correct roles; then he proposes to pupils the final 

generalization, by relevant examples and counterexamples, by classifications and 

references to semiotic representations (that in the present step are not predominant). 

So the reference to disciplinary epistemic analysis is fundamental. Of course in this 

work we do not want to propose a disciplinary status of mathematics: however 

educational activities need some indications, so a social agreement regarding main 

features of mathematical activities. Pupils must comprehend some main features of 

mathematics, and such learning cannot forget, for instance, social aspects. According 

to J.-Ph. Drouhard, we can say that the teacher must give pupils the «3rd order 

knowledge» that, beyond technical aspects (definitions and theorems, so «1st order 

knowledge») and deduction’s and representation’s rules («2nd order knowledge», for 

instance frequently used, as previously noticed, in the examination of several 

functions’ properties), will allow pupils themselves to reach the awareness of the level 

of their own learning (Drouhard, forthcoming; moreover: Robert & Robinet, 1996). In 

our opinion, the awareness of these features of learned mathematical knowledge is a 

fundamental element of all teaching-learning process related to mathematics and will 

complete the knowledge that will be employed by pupils in order to engage a 

mathematical activity. Further research will be devoted to the study of this final step. 
 

 

Notes and acknowledgments 

Some examples discussed in this paper draw on the Author’s relation contributed to CERME-

3, Bellaria 2003 (Bagni, forthcoming-a; see moreover: Bagni, forthcoming-b). In this paper 

translations are ours. 

Warmest thanks to Bruno D’Amore (University of Bologna, Italy) and to Athanasios Gagatsis 

(University of Nicosia, Cyprus) for the valuable comments and the bibliographical 

suggestions. 
 

 

REFERENCES 
 

ARTIGUE, M. (1998), L’évolution des problématiques en didactique de l’analyse, 

Recherches en Didactique des Mathématiques, 18.2, 231-262. 



BAGNI, G.T. (1997a), Dominio di una funzione, numeri reali e numeri complessi. 

Esercizi standard e contratto didattico nella scuola secondaria superiore, La 

matematica e la sua didattica, 3, 306-319. 

BAGNI, G.T. (1997b), La visualizzazione nella scuola secondaria superiore, 

L’insegnamento della matematica e delle scienze integrate, 20B, 4, 309-335. 

BAGNI, G.T. (2000), “Simple” rules and general rules in some High School students’ 

mistakes, Journal fur Mathematik Didaktik, 21, 2, 124-138. 

BAGNI, G.T. (forthcoming-a), Considerazioni che riguardano l’intervento di 

conoscenze del III ordine nelle fasi di generalizzazione dell’apprendimento del 

concetto di funzione, Atti del Seminario Franco Italiano di Didattica dell’Algebra, 

V, (SFIDA 17, 18, 19, 20), Torino. 

BAGNI, G.T. (forthcoming-b), Functions, processes, properties, objects: a case study, 

Proceedings of CERME-3, Bellaria 2003. 

BAGNI, G.T. (forthcoming-c), Some cognitive difficulties related to the 

representations of two major concepts of Set Theory, Educational Studies in 

Mathematics. 

BALACHEFF, N. (2004), The researcher epistemology: a deadlock for educational 

research on proof, http://www.leibniz.imag.fr/LesCahiers. 

BRIEDENBACH, D.E.; DUBINSKY, E.; HAWKS, J. & NICHOLS, D. (1992), 

Development of the process conception of function, Educational Studies in 

Mathematics, 23, 247-285. 

BROUSSEAU, G. (1986), Fondements et méthodes de la didactique des 

mathématiques: Recherches en didactique del mathématiques, 7, 2, 33-115. 

D’AMORE, B. (2001a), Une contribution au débat sur les concepts et les objets 

mathématiques, Scientia Paedagogica Experimentalis, XXXVIII, 1, 17-46. 

D’AMORE, B. (2001b), Conceptualisation, registres de représentations sémiotiques 

et noétique: interactions constructivistes dans l'apprentissage des concepts 

mathématiques et hypothèse sur quelques facteurs inhibant la dévolution, Scientia 

Paedagogica Experimentalis, XXXVIII, 2, 143-168. 

D’AMORE, B. (2003a), La complexité de la noétique en mathématiques ou les 

raisons de la dévolution manqué, For the learning of mathematics, 23, 1, 47-51. 

D’AMORE, B. (2003b), The noetic in mathematics, Scientia Pedagogica 

Experimentalis, XXXIX, 1, 75-82. 



DAVIS, R.B. & VINNER, S. (1986), The Notion of Limit: Some Seemingly 

Unavoidable Misconception Stages, Journal of Mathematical Behavior, 5, 281-

303. 

DROUHARD, J.-Ph. (forthcoming), Les trois orders de connaissances: un essai de 

présentation synthétique. 

DUBINSKY, E. (1991), Reflective abstraction in advanced mathematical thinking, 

Tall, D. (Ed.), Advanced Mathematical Thinking, 95-126, Kluwer Academic 

Publishers. 

DUVAL, R. (1998), Signe et objet (I). Trois grandes étapes dans la problématique des 

rapports entre représentation et objet. Annales de Didactique et ed Sciences 

Cognitives, 6, 139-163. 

DUVAL, R. (1995a), Sémiosis et pensée humaine. Registres sémiotiques et 

apprentissages intellectuels, Peter Lang, Paris. 

DUVAL, R. (1995b), Quel cognitif retenir en didactique des mathématiques?, Actes 

de l’École d’été (La matematica e la sua didattica 3, 1996, 250-269). 

EISENBERG, T. & DREYFUS, T. (1994), On understanding how students learn to 

visualize function transformations, Research on Collegiate Mathematics 

Education, 1, 45-68. 

EVANGELIDOU, A.; SPYROU, P.; ELIA, I. & GAGATSIS, A. (2004), University 

students’ conceptions of function. In M. Johnsen Hoines & A. Berit Fuglestad 

(Eds.), Proceedings of the 28th Conference of the International Group for the 

Psychology of Mathematics Education (Vol. 2, pp. 351-358). Bergen, Norway: 

Bergen University College. 

FISCHBEIN, E. (1993), The theory of figural concepts, Educational Studies in 

Mathematics, 24, 139-162. 

FREDENS, K. (2004), The many intelligences, with special reference to mathematics, 

Mathematik, 4, 27-31. 

GAGATSIS, A. & CHRISTOU, C. (2002), The structure of translations among 

representations in functions. Scientia Paedagogica Experimentalis, 39 (1), 39-58. 

GAGATSIS, A. & SHIAKALLI, M. (2004), Translation ability from one 

representation of the concept of function to another and mathematical problem 

solving. Educational Psychology, An International Journal of Experimental 

Educational Psychology, 24 (5), 645-657. 



GAGATSIS, A.; MICHAELIDOU, E. & SHIAKALLI, M. (2002), Semiotic 

representations and the concept of function: Applications to Lyceum students and 

University students. In M. Tzekaki (Ed.), Proceedings of the Fifth Greek 

Conference for the Didactics of Mathematics and Informatics in Education (pp. 

330-336). Thessaloniki: Aristotle University of Thessaloniki. 

GRAY, E. & TALL, D. (1994), Duality, ambiguity, and flexibility: A perceptual view 

of simple arithmetics, Journal for Research in Mathematics Education, 27 (2), 

116-140. 

HABERMAS, J. (1999), Wahrheit und Rechtfertigung. Philosophische Aufsätze. 

Suhrkamp Verlag, Frankfurt am Mein (Truth and Justification, MIT Press, 

Cambridge 2003). 

KAPUT, J.J. (1989), Linking Representations in the Symbol Systems of Algebra, 

Kieran, C. & Wagner, S. (Eds.), Research Agenda for Mathematics Education: 

Research Issues in the Learning and Teaching of Algebra, Lawrence Erlbaum, 

Hillsdale, 167-194. 

KAPUT, J.J. (1991), Notations and representations as mediators of constructive 

processes, von Glaserfeld, E. (Ed.), Constructivism and mathematics education, 

53-74, Kluwer, Dordrecht. 

KAPUT, J.J. (1993), The representational roles of technology in connecting 

mathematics with authentic experience, Bieler, R.; Scholz, R.W., Strasser, R. & 

Winkelman, B. (Eds.), Didactics of Mathematics as a Scientific Discipline, 379-

397, Kluwer, Dordrecht. 

KAPUT, J.J. (1999), Representations, inscriptions, descriptions and learning: A 

kaleidoscope of windows, Journal of Mathematical Behavior, 17 (2), 265-281. 

KIEREN, T.E. (1990), Understanding for teaching for understanding, The Alberta 

Journal of Educational Research, 36 (3), 191-201. 

LAKOFF, G. & NÚÑEZ, R. (2000), Where Mathematics come from? How the 

Embodied Mind Brings Mathematics into Being, Basic Books, New York. 

MARKOVITZ, Z.; EYLON, B. & BRUCKHEIMER, N. (1986), Functions today and 

yesterday, For the learning of mathematics, 6 (2), 18-24. 

MONK, S. & NEMIROWSKY, R. (1994), The case of Dan: Student construction of a 

functional situation through visual attributes, Research on Collegiate Mathematics 

Education, 1, 139-168. 



MOUSOULIDES, N. & GAGATSIS, A. (2004), Algebraic and geometric approach in 

function problem solving. In M. Johnsen Hoines & A. Berit Fuglestad (Eds.), 

Proceedings of the 28th Conference of the International Group for the Psychology 

of Mathematics Education (Vol. 3, pp. 385-392). Bergen, Norway: Bergen 

University College. 

NEMIROWSKY, R. & RUBIN, A. (1992), Students’ tendency to assume 

rensemblances between a function and its derivative, TERC Working Paper, 2-92, 

Cambridge, Massachussets. 

PALMER, S.E. (1977), Fundamental aspects of cognitive representation, Rosch, E. & 

Lloyd, B.B. (Eds.), Cognition and categorization, Erlbaum, Hillsdale. 

PERRIN-GLORIAN, M.-J. (1994), Théorie des situations didactiques: naissance, 

développment, perspectives, Artigue, M.; Gras, R.; Laborde, C. & Tavignot, P. 

(Eds.), Vingt ans de didactique des mathématiques en France. Hommage à Guy 

Brousseau et Gérard Vergnaud, La Pensée Sauvage, Grenoble, 97-147. 

PERRIN-GLORIAN, M.-J. (1997), Que nous apprennent les èléves en difficulté en 

mathematiques? Repères IREM, 29, 43-66. 

RADFORD, L. (2002a), The Object of Representations: Between Wisdom and 

Certainty, Hitt, F. (Eds.), Representations and Mathematics Visualization, 219-

240, Cinvestav-IPN, Mexico. 

RADFORD, L. (2002b), The seen, the spoken and the written. A semiotic approach to 

the problem of objectification of mathematical knowledge, For the Learning of 

Mathematics, 22(2), 14-23. 

RADFORD, L. (2003a), Gestures, speech and the sprouting of signs, Mathematical 

Thinking and Learning, 5(1), 37-70. 

RADFORD, L. (2003b), On Culture and Mind. A post-Vygotskian Semiotic 

Perspective, with an Example from Greek Mathematical Thought, Anderson, M. 

& Al. (Eds.), Educational Perspectives on Mathematics as Semiosis: From 

Thinking to Interpreting to Knowing, 49-79, Legas, Ottawa. 

ROBERT, A. & ROBINET, J. (1996), Prise en compte du méta en didactique des 

mathématiques, Recherches en Didactique des Mathematiques, 16/2, 145-176. 

RUTHVEN, K. (1990), The influence of graphic calculator use on translation from 

graphic to symbolic forms, Educational Studies in Mathematics, 21 (5), 431-450. 



SFARD, A. & LINCHEVSKY, L. (1994), The gains and pitfalls of reification – The 

case of Algebra, Educational Studies in Mathematics 26, 191-228. 

SFARD, A. & THOMPSON, P.W. (1994), Problems of reification. Representations 

and mathematical objects, Kirshner, D. (Ed.), Proceedings of PME-NA 16, Baton 

Rouge, 1-32. 

SFARD, A. (1991), On the dual nature of mathematical conceptions: reflections on 

processes and objects as different sides of the same coins, Educational Studies in 

Mathematics, 22, 1-36. 

SFARD, A. (1992), Operational origins of mathematical objects and the quandary of 

reification: the case of function, Harel, G. & Dubinsky, E. (Ed.), The concept of 

Function: aspects of Epistemology and Pedagogy, M.A.A. Notes 25, 59-84. 

SLAVIT, D. (1997), An alternate route to reification of function, Educational Studies 

in Mathematics 33, 259-281. 

STAVY, R. & TIROSH, D. (1996), Intuitive rules in science and mathematics: the 

case of ‘More of A More of B’, International Journal for Science Education. 18.6, 

553-667. 

TALL, D. & VINNER, S. (1981), Concept image and concept definition in 

mathematics with special reference to limits and continuity, Educational Studies in 

Mathematics, 12, 151-69. 

TALL, D. (1988), Concept Image and Concept Definition, de Lange, J. & Doorman, 

M. (Eds.) Senior Secondary Mathematics Education, OW&OC Utrecht, 37-41. 

TALL, D. (1990), Inconsistencies in the learning of Calculus and Analysis, Focus on 

Learning Problems in Mathematics 12, 49-64. 

TALL, D. (1996), Function and Calculus, Bishop, A.J. & Al. (Eds.), International 

Handbook of Mathematics Education, 289-325, Kluwer Academic Publishers. 

TALL, D. (Ed.) (1991), Advanced Mathematical Thinking, Kluwer, Dodrecht. 

THOM, R. (1974), Modèles mathématiques de la morphogenèse, Uge, Paris. 

THOMPSON. P.W. (1994), Students, functions and the undergraduate curriculum, 

Dubinsky, E.; Schoenfeld, A.H. & Kaput, J.J. (Eds.), Research in Collegiate 

Mathematics Education, I, Providence, R.I., A.M.S., and Washington, D.C., 

M.A.A. 

THURSTON, W. P. (1994), On Proof and Progress in Mathematics, Bulletin of 

American Mathematical Society, 30, 2, 161-177. 



TIROSH, D. (1990), Inconsistencies in students’ mathematical constructs, Focus on 

Learning Problems in Mathematics, 12, 111-129. 

TSAMIR, P., & TIROSH, D. (1994), Comparing infinite sets: intuitions and 

representations, Proceedings of the 18th Annual Meeting for the Psychology of 

Mathematics Education, IV, 345-352, Lisbon, Portugal. 

TSAMIR, P., & TIROSH, D. (1999), Consistency and representations: The case of 

actual infinity, Journal for Research in Mathematics Education 30 (2), 213-219. 

VINNER, S. & HERSHKOWITZ, R. (1980), Concept Images and some common 

cognitive paths in the development of some simple geometric concepts, 

Proceedings of the Fourth International Conference of P.M.E., Berkeley, 177-184. 

VINNER, S. (1983), Concept definition, concept image and the notion of function, 

International Journal for Mathematical Education in Science and Technology 14, 

3, 293-305. 

VINNER, S. (1991), The Role of Definitions in the Teaching and Learning of 

Mathematics, Tall, D. (Ed.), Advanced Mathematical Thinking, Kluwer Academic 

Publishers, 95-126. 

VINNER, S. (1992), Function concept as prototype for problems in mathematics, 

Harel, G. & Dubinsky, E. (Eds.), The concept of Function: aspects of Epistemology 

and Pedagogy, M.A.A. Notes 25, 195-213. 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


